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Frequency-Domain Transient Imaging
Jingyu Lin, Yebin Liu, Member, IEEE, Jinli Suo, Qionghai Dai, Senior Member, IEEE
Abstract—A transient image is the optical impulse response of a scene, which also visualizes the propagation of light during
an ultra-short time interval. In contrast to the previous transient imaging which samples in the time domain using an ultra-fast
imaging system, this paper proposes transient imaging in the frequency domain using a multi-frequency time-of-flight (ToF)
camera. Our analysis reveals the Fourier relationship between transient images and the measurements of a multi-frequency
ToF camera, and identifies the causes of the systematic error—non-sinusoidal and frequency-varying waveforms and limited
frequency range of the modulation signal. Based on the analysis we propose a novel framework of frequency-domain transient
imaging. By removing the systematic error and exploiting the harmonic components inside the measurements, we achieves
high quality reconstruction results. Moreover, our technique significantly reduces the computational cost of ToF camera based
transient image reconstruction, especially reduces the memory usage, such that it is feasible for the reconstruction of transient
images at extremely small time steps. The effectiveness of frequency-domain transient imaging is tested on synthetic data, real
data from the web, and real data acquired by our prototype camera.
Index Terms—transient imaging, frequency domain, time-of-flight camera, multi-frequency, 3D shape

F

1

I NTRODUCTION

T

RANSIENT imaging is a family of techniques that aim
to capture propagation, i.e., non-stationary distributions, of light. Starting with early efforts in optics literature
[1] in 1970s, this research direction more recently captured
attention from researchers in the field of computer vision
and graphics. In contrast to a conventional image which
records the steady state of the light distribution through
a scene, a transient image records a temporal sequence
of images i(x, y, t) which represents the optical impulse
response of a scene at an ultra-high temporal resolution,
such that the light “in flight” can be observed before
its distribution achieves a global equilibrium in a scene,
as demonstrated in Fig. 1. This concept breaks with the
longstanding (and in most cases, reasonable) assumption
in vision and graphics that the speed of light is infinite.
Recent research has given rise to many exciting applications
of ultra-fast time-resolved measurements, including scene
reflectance capture [2], looking around corners [3][4] and
bare sensor imaging [5]. The state of the art in terms
of imaging quality is currently held by high-end systems
consisting of a femtosecond laser and a streak camera [6].
These systems directly sample along time dimension and
achieve a temporal resolution of about 2 picoseconds (2 ×
10−12 s) per frame. However, such systems are prohibitively
expensive for many research institutions, fragile, complex,
slow and extremely sensitive to ambient light. These disadvantages largely restrict their availability and applications.
To lower the barrier of transient imaging, Heide et al.
[7][8] developed a compact acquisition system on a much
lower budget without ultra-fast light sources and detectors,

which successfully demonstrated mobile transient imaging
of relative larger scenes. This system was a modified timeof-flight (ToF) camera, both of the light source and the
imaging component were modulated by a high-frequency
signal. Heide et al. captured a collection of images of a
scene by their system operating at hundreds of different
modulation frequencies, formulated the imaging process as
a linear equation, and reconstructed a transient image by
inverting the equation with numerical optimization. Their
method makes the ill-condition and noise problem difficult
to be analyzed and the computational cost is too high to
reconstruct transient images at a smaller time step.
In this paper we investigate the problem of transient
imaging with a multi-frequency ToF camera. Our study
discovers that ToF camera based transient imaging is essentially a frequency-domain sampling technique, in contrast
with the time-domain sampling technique using a femtosecond laser and an ultrafast streak camera [6]. Based on the
findings we demonstrate a transient image reconstruction
with higher quality and much lower computational cost.
Specifically, our contributions are as follows:
•

•
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Electrical Engineering, Guangxi University, China.

We formulate the reconstruction of transient images
from the measurements of a multi-frequency ToF
camera as a linear signal reconstruction in the frequency domain (Section 3.2), rather than a general illconditioned optimization [7]. Consequently, sampling
and reconstruction of transient images can be quantitatively analyzed by the theory of signal processing.
Fig. 2 compares the reconstructions of transient images
in the time domain and in the frequency domain.
We identify the sources of the systematic errors in
transient imaging with a multi-frequency ToF camera, which includes non-sinusoidal frequency-varying
modulation signal and limited range of the working
frequencies (Section 3.3).
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Fig. 1: Demonstration of a transient image. A transient image is a temporal sequence of images (a) which visualizes the
propagation of light during an ultra-short time interval (b) (for example 4ns), while a conventional image (c) is static.
impulse
response

illumination

scene
t

t

(a) transient imaging with an ultrafast camera
illumination
frequency
response
t

scene
t

f

t

(b) transient imaging with a multi-frequency ToF camera

Fig. 2: Comparison of two types of transient imaging systems. (a) An ultrafast camera samples in the time domain.
(b) A multi-frequency ToF camera samples in the frequency
domain.
We propose a novel framework of frequency domain transient imaging which significantly reduces the
computational cost, especially memory budget, and
improves the quality of reconstruction by removing the
systematic errors and exploiting the harmonics inside
the measurements (Section 4, 5).
This work is an extension of the CVPR 2014 paper [9].
We replace some algorithms of [9] (for example Algorithm
1 and 2) with new algorithms (for example multi-phase
algorithm and double iDFTs) to exploit the harmonic
components such that the performance can be improved.
Moreover, we present new data and new applications for
the verification of our technique.
Throughout this paper, we use lower case letters for time
domain signals and the corresponding upper case letters for
their Fourier transforms, and mainly use ns (nanosecond,
equal to 10−9 s) as the unit of time.
•

2 R ELATED W ORK
A ToF camera is a scan-less range imaging system that
resolves the depth at each scene point simultaneously based
on the time-of-flight of the light signal travelling from
the camera to the target, as opposed to a scanning light
detection and ranging (LIDAR) system using point-bypoint laser beam. Such a realtime depth sensor simplifies
many computer vision tasks and provides solutions for
shape reconstruction [10], motion capture [11], gesture
recognition [12], etc.
Ideally the light emitted by a ToF camera is sinusoidal
such that the target distance is proportional to the phase

shift. Imperfectly sinusoidal waveform generated by a real
system contains harmonics which introduce ranging error.
To improve the ranging precision, various methods are
proposed to cancel the effect of the harmonics in the measurements [13][14]. In this paper we exploit the harmonics
to obtain higher frequencies rather than removing them.
Another challenge to precise depth sensing using ToF
cameras is the multipath interference (MPI) problem [15],
which refers to the false ToF measurement caused by superposition of the light signals which travel via two or more
paths. MPI inversion and the reconstruction of transient
images are closely related but differ in their goals. While
the former tries to remove all the indirect light components
bouncing back from subject surfaces and extract only the
direct light component (which typically corresponds to the
shortest path), the latter aims at obtaining all the light
components bouncing back as a function of time.
MPI problem is usually studied in two simplified cases:
Lambertian surfaces (diffuse MPI) and specular surfaces
(two-path MPI). Fuchs et al. [16] and Jimenez et al. [17]
model diffuse MPI using only one modulation frequency
and solve the problem by iterative optimization. Dorrington et al. [18], Godbaz et al. [19], and Kirmani et al.
[20] models two-path MPI with measurements of several
frequencies (up to five frequencies). With multi-frequency
sampling, MPI under more general assumptions, e.g. multiple paths and diffuse plus two-path, is recently investigated
by Freedman et al. [21] and Bhandari et al. [22], and realtime solutions are reported. All these works are based on
the assumption that surfaces are sparse, which is reasonable
for depth sensing applications. The sparsity assumption was
also recently adopted in transient image reconstruction to
demonstrate depth sensing of transparent objects [23]. In
this paper the problem of transient image reconstruction is
studied under no assumptions on the target scene.
Multi-frequency acquisition technique was recently
adopted in an intensity-modulated continuous wave configuration of LIDAR system designed by Simpson et al. [24].
The system which consists of a laser diode and photomultiplier tube can measure at stepped modulation frequencies.
The scattering functions of distributed targets like aerosol
are obtained by taking the inverse Fourier transform on the
measurements. However, their system can not be used for
transient imaging since it can not acquire 2D images and
its frequency step is too large.
The ToF technique is similar to the frequency-domain
measuring of fluorescence lifetime imaging microscopy
(FLIM) [25]. The goal of FLIM is to produce an image
recording the lifetimes of the fluorophore signals from a
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TABLE 1: Methods of transient imaging.
Methods
Velten et al [6]
Kadambi et al
[23]
Heide et al [7]
Ours

Devices
femtosecond laser and streak
camera (sensor size: 672 ×
512)
single-frequency coded illumination ToF camera (sensor
size: 160 × 120)
multi-frequency ToF camera
(sensor size: 160 × 120)
multi-frequency ToF camera
(sensor size: 160 × 120)

light source
signal
generator

a few hundred
a few hundred
a few hundred

sl (t )

ss ( t   )

Reconstruction algorithms
-

Record one image at each frequency,
insensitive to ambient light.
Record one image at each frequency
and each phase, insensitive to ambient light.

time-domain inversion of imaging
equations
frequency-domain rectification and
compensation

time-domain sparse deconvolution

∞

Z

α(τ )sl (ω(t − τ ))dτ,

sr (ωt) = E0 +

(1)

0

s r (t )

 dt

Process of acquisition
Repeatedly record tens of thousands
of images at each scan line, in a dark
room.
Record a temporal series of images
for several seconds, in a dark room.

as follows [7]
 ( )

sensor

phase
shifter

Price (dollars)
hundreds of thousands

H ( , )

Fig. 3: Operating principle of multi-frequency ToF cameras.
The light source sl (ωt) and the sensor gain ss (ωt + φ) are
modulated by the same signal generator and locked at a
programmable phase φ. The incident light sr (ωt) carries
the transient image information of the scene. The output
image H is formed by multiplying the incident light by the
sensor gain and integrating over an exposure time.
subject, which are affected by a range of biophysical phenomena, and hence the undergoing process in living cells
and tissues. In FLIM, multiple frequency measurements are
used to discern multiple lifetime components [26]. We find
that our technique is also able to recover the whole timeresolved fluorescence decays.
Finally, methods of transient imaging are listed in Table 1
for readers’ reference.

3 F OURIER A NALYSIS ON TO F C AMERA
BASED T RANSIENT I MAGING

where E0 is environmental illumination. The second term
on the right hand side of (1) is the convolution of the input
sl (ωt) with a scene related term α(t), which is the impulse
response of the scene at a point. The imaging system
simultaneously acquires scene response across a 2D sensor
plane. The temporal sequences of all the points constitute a
temporal sequence of images, α(x,y) (t), which is known as
a transient image i(x, y, t). This paper does not consider the
correlation between adjacent pixels and our approach is in
a pixel-wise manner. Therefore, without loss of clarity, we
omit the pixel coordinates (x, y) in all symbols throughout
this paper, and α(t) is the target transient image.
At the sensor, the received light signal sr (ωt) carrying
the transient image information of the scene is integrated
over an exposure time of N T , where N is an integer and
T = 1/f is the period of the modulation signal. The sensor
gain is modulated by a zero-mean periodic signal ss (ωt +
φ), where φ is a programmable phase offset with respect
to the light source sl (ωt). Thus the acquired image is
Z NT
H(ω, φ) =
sr (ωt)ss (ωt + φ)dt.
(2)
0

Substituting (1) into (2) and noting that the integration of
E0 ss (ωt + φ) over a period is zero, we have [7]
Z ∞
H(ω, φ) =
α(τ )c(τ, ω, φ)dτ,
(3)
0

Z
3.1 Multi-frequency ToF Camera
A ToF camera consists of a light source and an optical
sensor, and both units are modulated by the same periodic
signal generator. The modulation frequency needs to be
specified across a broad range and thus the ToF camera
is named as multi-frequency.
Fig. 3 illustrates the working principle of the camera.
The output of the light source is a periodic wave denoted
by sl (ωt), where ω = 2πf with f being the modulation
frequency. Light is transmitted to a scene and bounces
back to the sensor along different paths. The light signal
reaching the sensor along a single ray path is delayed by τ
and attenuated by α. The delay time τ and the attenuation
coefficient α are uniquely determined by the ray path. The
photons along all ray paths are superimposed at the sensor

NT

sl (ω(t − τ ))ss (ωt + φ)dt,

c(τ, ω, φ) ,

(4)

0

where c(τ, ω, φ) is the correlation function between sl (ωt)
and ss (ωt) with working frequency ω and phase offset φ
are both programmable parameters, and is independent of
the scene. The discrete version of the correlation function
is a correlation matrix. The correlation matrix in [7] is
arranged as follows:
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where τ1 , ..., τp , ω1 , ..., ωq , and φ1 , ..., φp are series of the
time, the angular frequency, and the phase, respectively.
Since the exact shapes of sl (ωt) and ss (ωt) of a real system
are unknown, the correlation function should be obtained
by a calibration process (see Section 5) instead of directly
computed by (4).
Given the correlation matrix c(τ, ω, φ) of a multifrequency ToF camera and an image collection H(ω, φ)
acquired by the camera working at a group of different
frequencies and phases, the transient image α(τ ) can be
reconstructed by solving the discrete version of (3), i.e.
solving a linear equation H = cα. There are several
explorations in addressing this problem. Heide et al. [7]
reconstructed α(τ ) by imposing spatial, temporal priors and
even surface model constraints and solving a huge linear
optimization problem. Kadambi et al. [23] designed coded
light source to make the correlation matrix invertible under
the assumption that scene response is sparse, and then deconvoluted the transient image from the acquired temporal
sequence. The computational cost of both approaches are
high due to the ill-condition of the problem, and they do not
give a theoretical analysis on the settings of data acquisition
to reduce the ill-condition. Our goal is to reconstruct α(τ )
from an image collection H(ω, φ) in a generative way
instead of solving an ill-conditioned optimization.
3.2 Fourier Analysis on Ideal Case

modulation signal varies with the working frequency; 3) the
amplitude of the modulation signal is nontrivial only in a
limited frequency range [fL , fH ], i.e. the working frequency
can only specified in [fL , fH ]. We investigate the systematic
errors introduced by these disturbances in the reconstruction
of transient images.
First, both the light source and the sensor gain being
periodic functions means that the correlation function is
also a periodic function of the same frequency. Therefore
the correlation function can be expanded into a Fourier
series along the time τ at each frequency and each phase
offset, i.e.,
c(τ, ω, φ) =
=

(5)

where A is a constant amplitude. Define complex correlation function and complex image collection as follows
c̃(τ, ω) , c(τ, ω, 0) + i · c(τ, ω, π/2)

(6)

H̃(ω) , H(ω, 0) + i · H(ω, π/2).

(7)

From (3) and (5)-(7) we have
Z ∞
H̃(ω) =
α(τ )c̃(τ, ω)dτ
0
Z ∞
=A
α(τ ) exp (−iωτ )dτ

From (8) we have the key conclusion that the acquired
complex image collection H̃(ω) is the Fourier transform of
a transient image α(τ ). If H̃(ω) is acquired with working
frequencies across the whole frequency spectrum of α(τ ),
exact α(τ ) can be reconstructed by taking inverse Fourier
transform on H̃(ω).
3.3 Extended Analysis on Non-ideal Case
In this subsection we consider the disturbances in a nonideal ToF camera as follows: 1) the modulation signal
is periodic but not sinusoidal; 2) the waveform of the

Ãn (ω) exp [−i(nωτ + nφ)],

(9)

1
An (ω) exp(iφn (ω)),
2

(10)

where An (ω) and φn (ω) are amplitudes and phases of
components of the Fourier series, respectively, Ãn (ω) are
complex coefficients of thePFourier series,
and
P−1 Ãn (ω)
P+∞
±∞
Ã−n (ω) are conjugate, and n=±1 , n=−∞ + n=1 .
The DC component is zero because the sensor gain ss (ωt)
is a zero-mean function. The complex correlation function
defined by (6) is
c̃(τ, ω) =

±∞
X

B̃n (ω) exp (−inωτ ),

(11)

n=±1

B̃n (ω) = Ãn (ω)(1 + i exp (−inπ/2)).

(12)

Note that the coefficients of the fundamental components
B̃1 (ω) = 2Ã1 (ω), B̃−1 (ω) = 0. The complex image
collection is
Z ∞
H̃(ω) =
α(τ )c̃(τ, ω)dτ
0

=
(8)

An (ω) cos [n(ωτ + φ) − φn (ω)],

n=1
±∞
X

Ãn (ω) =

=

0

= A · F (α(τ )) .

∞
X

n=±1

We start from an ideal case that both the light source and
the sensor gain are sine waves. It can be derived from (4)
that the correlation function is also a sine wave as follows
c(τ, ω, φ) = A cos(ωτ + φ),

4

±∞
X

∞

Z
B̃n (ω)

n=±1
±∞
X

B̃n (ω)
n
n=±1

α(τ ) exp (−inωτ )dτ
0
∞

Z

α

τ 
n

0

exp (−iωτ )dτ.

(13)

Second, the waveform of the modulation signal varies
with the working frequency, the coefficient B̃n (ω) of each
component in (11) and (13) is a function of the frequency.
Note that the integration part on the right hand side of
(13) is the Fourier transform of α(τ /n). By the convolution
property of the Fourier transform we can obtain the inverse
Fourier transform of H̃(ω):
h̃(τ ) = F −1 (H̃(ω)) =

±∞
X
n=±1

(
bn (τ ) = F

−1

α

τ 
n

B̃n (ω)
n

∗ bn (τ ),

(14)

,

(15)

)
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Fig. 4: Rectangular frequency window functions rL (τ ) and
rH (τ ) (refer to (18)).
where * denotes convolution operator, and bn (τ ) is a
window function. Since B̃−1 (ω) = 0, (13) and (14) can
be rewritten as follows
Z ∞
H̃(ω) =B̃1 (ω)
α (τ ) exp (−iωτ )
0

Z
±∞
X
B̃n (ω) ∞  τ 
α
exp (−iωτ )dτ, (16)
+
n
n
0
n=±2
h̃(τ ) = α(τ ) ∗ b1 (τ ) +

rectification

reconstruction

frequency (MHz)

±∞
X
n=±2

α

τ 
n

∗ bn (τ ).

(17)

At the right hand side of (16) and (17), we call the term
that contains the transient image α(τ ) the fundamental
component (n = 1), and the other terms contain dilated
versions α(τ /n) the dilated components (|n| > 1). To
extract the transient image α(τ ) from h̃(τ ), one needs
to remove the dilated components and invert the window
function b1 (τ ).
Third, since the modulation signal is zero when the working frequency beyond the range of [fL , fH ], the frequency
spectra of h̃(τ ) beyond [fL , fH ] are truncated. This is
equivalent to impose a windowing function on h̃(τ ), i.e.
we can only obtain
h̃c (τ ) = h̃(τ ) ∗ [rH (τ ) − rL (τ )],

(18)

where rH (τ ) and rL (τ ) are rectangular frequency windows
cutting off at fH and fL , respectively. Fig. 4 shows the
shapes of the two functions in the time domain and in the
frequency domain.
In summary, the imaging model represented by (16), (17)
and (18) identifies three main causes of systematic errors
in ToF camera based transient imaging:
• Non-sinusoidal modulation signal (irregular in the time
dimension) introduces harmonic components in the
correlation function (9) and consequently causes a
transient image α(τ ) mixed with its dilated versions
α(τ /n) in (17).
• Frequency-varying waveform of the modulation signal
(irregular in the frequency dimension) imposes a frequency window function on the transient image such
that the amplitude and the phase of frequency spectrum
of α(τ ) are distorted in (16).
• Limited working frequency range of the ToF camera
results in frequency spectrum truncation of the reconstructed transient image in (18).
To address the first two issues, the acquired data need
to be rectified. To address the third issue, the missing
low frequency and high frequency spectra need to be
compensated for.
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Fig. 5: The schematic diagram of transient imaging in
the frequency domain. The process of transient imaging
involves three steps: image acquisition, data rectification,
and transient image reconstruction. The process of camera
calibration yields the correlation function of a ToF camera
for data rectification.

4 F RAMEWORK OF F REQUENCY -D OMAIN
T RANSIENT I MAGING
Based on the Fourier analysis in Section 3 we propose a
framework of transient imaging in the frequency domain
(Fig. 5). First an image set is acquired with a multifrequency ToF camera working at a group of equally spaced
frequencies f and phase offsets φ. Then the image set
is rectified by separating the harmonic components from
the fundamental component and regulating its amplitude
and phase (Section 4.1). The rectification step requires
the knowledge of the correlation function of the ToF
camera, which is obtained through a calibration process
(Section 5). Finally the transient image is reconstructed
by compensating the rectified image set for the missing
frequency spectra and taking the inverse Fourier transform
along the frequency dimension (Section 4.2).
4.1 Data Rectification
Section 3.3 shows that the ToF measurements contain
harmonic components. The harmonic components may be
introduced by imperfectly sinusoid modulation waveforms,
or by specially designed modulation waveforms. For example, square waveforms are often used to simplify the
electronic drive requirements. In this case, the amplitudes
of the harmonic components are nontrivial.
The nontrivial harmonic components can be used to compensate for the missing high frequency spectrum. Therefore,
instead of cancelling the harmonic components [14], we
propose a multi-phase algorithm to extract them from the
measurements. Our idea will first verify in the continuous
case and then extend to the discrete case.
Continuous Case. By substituting (9) into (3), the
acquired data can be reformulated as follows
Z ∞
±∞
X
H(ω, φ) =
Ãn (ω)
α(τ )exp [−i(nωτ +nφ)]dτ.
n=±1

0

(19)
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Gm (ω) , hH(ω, φ), exp(imφ)i
Z 2π
1
H(ω, φ) exp(imφ)dφ,
=
2π 0

(20)

∞

Gm (ω) = Ãm (ω)

α(τ ) exp (−imωτ )dτ.

(21)

0

Then the distorted amplitude and phase is rectified as
follows
R̃m (ω) = Gm (ω)/Ãm (ω)
Z ∞
α (τ ) exp (−imωτ )dτ.
=

(22)

0

The transient image α(τ ) can be reconstructed by taking
the inverse Fourier transform on the rectified fundamental
component R̃1 (ω).
Discrete Case. In practice for each working frequency
we only acquire data at a small number of phases, for
example, K equally spaced phases 0, φs , ..., (K − 1)φs . In
this case, the inner product (20) becomes
K−1
1 X
Gm (ω) ,
H(ω, kφs ) exp(ikmφs ).
K

(23)

We need to determine the values of K and φs . To this end,
substitute (19) into (23) and obtain
Z ∞
±∞
1 X
Gm (ω) =
Ãn (ω) ·
α(τ )
K n=±1
0
exp [−i(nωτ + k(n − m)φs )]dτ.

(24)

k=0

In (24), if K and φs satisfy
K−1
X

exp [−i(nωτ + kqφs )] = 0, q ∈ N,

(25)

k=0

the terms with n 6= m will be zero and (24) will reduce to
(21), i.e. the same result as the continuous case.
We now deduce the sufficient conditions for (25). Based
on the following formula of geometric series
K−1
X

exp (−iψ)[1 − exp (iKqφs )]
,
1 − exp (−iqφs )
k=0
(26)
where ψ is a constant phase, condition (25) holds if the
following two conditions holds for all integer q > 0:
• The numerator of (26) is zero, i.e. qKφs = 2pπ, p ∈
N . Thus we have φs = 2π/K.
• The denominator of (26) is non-zero. This condition
holds when qφs < 2π, i.e. K > q. Assume the highest
order of nontrivial component of the correlation function (9) is n0 , i.e. the maximal q is n0 + 1, and we
have K > n0 + 1.
exp [−i(ψ + kqφs )] =

fundamental
component
amplitude and
phase rectified

0
-0.5
-1
50

100

150

Fig. 6: Data rectification at a pixel. The plot of the measured
data is irregular (blue plot). The plot becomes sinusoid
after extracting the fundamental component (green plot) and
rectifying the amplitude and the phase (red plot).
In summary, to separate the harmonic components, we
sample at K equally spaced phases with a phase step of
φs = 2π/K, and compute eq. (23). Although only the
harmonic components of order less than K −1 are removed
in this way, higher order components have much less effects
on the reconstruction, since the dilated components in eq.
(14) and (15) are suppressed by their order n.
Algorithm 1 summarizes the steps of data acquisition and
rectification. Fig. 6 demonstrates the effect of rectification
at a pixel. The plot of the acquired data is irregular and
obviously becomes sinusoid after rectification.
Algorithm 1: Data acquisition and rectification

k=0

K−1
X

measured

0.5

frequency (MHz)

can be reduced to
Z

1

amplitude

It is easy to prove that Gm (ω), defined as the inner product
of H(ω, φ) and exp(imφ) over the phase dimension
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Input:
n0 - number of components of the Fourier series,
[fL , fH ] - working frequency range.
Output:
R̃m (ω) - rectified image collection.
Steps:
1: Determine the number of phases K > n0 + 1 and
phase interval φs = 2π/K.
2: For each f ∈ [fL , fH ], ω = 2πf , acquire images
H(ω, φ) at K phases φ = {0, φs , ..., (K − 1)φs }.
3: Compute Gm (ω) by eq. (23).
4: Compute R̃m (ω) by eq. (22).
It is worthy to note that, since the amplitude of the
fundamental component is usually much greater than the
dilated components, the dilated components superimposed
on reconstructed transient image may not be detectible
if the temporal resolution is low, for example time step
is greater than 0.1ns. In such case acquiring images at
multiple phases may not be necessary and thus the number
of acquired images can be reduced. However, at a small
time step (for example 0.01ns), it can be observed that the
superimposition of the dilated components shifts the peak
position of the time profile of the reconstructed transient
image. We will show this error in Section 6.2.
4.2 Transient Image Reconstruction
Section 3 has concluded that the transient image is the
inverse Fourier transform of the rectified fundamental component along the frequency dimension. Since only samples
at limited frequency range [fL , fH ] are obtained, the inverse
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discrete Fourier transform (iDFT) yields

M=

±K
X2

an exponential function

R̃ (2πkfs ) exp (i2πkfs nτs ), (27)

k=±K1

1
, K1 = fL /fs , K2 = fH /fs ,
fs τs

(28)

where M is the number of points in the fast Fourier
transform (FFT), fs the frequency step, τs the flying time
resolution, and R̃(ω) = R̃1 (ω). The reconstructed transient
image β(τ ) by (27) is a spectrum-truncated version of the
true transient image α(τ ) (refer to eq. (18) and Fig. 4):
β(τ ) = α(τ ) ∗ [rH (τ ) − rL (τ )].

amplitude

1
β (nτs ) =
M

7
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Fig. 7: Demonstration of low frequency spectrum recovery
using the proposed double iDFTs algorithm.
can be obtained by detecting the minimal value on the
reconstructed transient image

(29)

β0 = − min β fL (nτs ).
n

The remaining issue is to recover the missing frequency
spectra beyond [fL , fH ].
High Frequency Spectrum. Missing high frequency
spectrum results in transient images blurred in the time
dimension. The best way to obtain the high frequency
spectrum is increasing the highest working frequency of
ToF cameras and acquiring data at higher frequencies.
Another way to obtain the high frequency spectrum is
exploiting the harmonic components. Eq. (22) shows that
the harmonic component of order m provides the high
frequency spectrum up to mfH . However, the amplitudes
of the high order harmonic components are often much
less than the fundamental component such that they are
vulnerable to perturbations. For example, when square
waves are used, only the harmonic components of odd
orders are nontrivial, and their amplitude is inverse of
the order. If we use the harmonic components of order
5, the frequency range of rectified data can be expanded
to [fL , 5fH ], but its amplitude is 1/5 of the signal. To
ameliorate the effect of perturbations, instead of letting
R̃(ω) = R̃5 (ω), we fill R̃(ω) with R̃1 (ω) in the range of
[fL , fH ], R̃3 (ω) in the range of [fH , 3fH ], and R̃5 (ω) in the
range of [3fh , 5fH ], and then interpolate vacant frequency
points among [fL , 5fH ]. In our prototype camera, the 3rdorder harmonic component has a non-zero amplitude below
90 MHz, so it contains high frequency information up to
90×3 = 270Mhz, with a frequency step of 3fs . Because the
fundamental component contains reliable frequency up to
160MHz, we only need to interpolate the frequency range
from 160MHz to 270MHz.
Low Frequency Spectrum. Missing low frequency
spectrum results in the time profiles of the reconstructed
transient images sink down (Fig. 7). We propose a double
iDFTs algorithm to recover the missing low frequency
spectrum and reconstruct transient images. The idea is
explained as follows.
If the lowest working frequency fL is small enough,
we can replace the frequency step fs with fL in (27) and
obtain a transient image β fL (nτs ). The only missing low
frequency spectrum is at f = 0 (the DC component), i.e.,
the difference between β fL (nτs ) and α(τ ) is a constant.
Since the minimal value of the time profile of an exact
transient image is always zero, the missing DC component

50

(30)

Usually the lowest working frequency fL is not sufficiently small. In this case specifying fL as frequency step
will not only introduce more noise in the reconstructed
transient image but also reduce the time range of the
reconstructed transient image. Nevertheless, β fL (nτs ) + β0
provides an approximation of the missing low frequency
spectrum, which can be used to compensate for the lost
low frequency components in the reconstructed transient
image. Therefore, we estimate the missing low spectrum
by computing the DFT with frequency step fs as follows:
R̃fL (2πkfs ) = F[β fL (τ ) + β0 ]
=

M
1 −1
X

[β fL (nτs ) + β0 ] exp(−i2πkfs nτs ),

n=0

(31)
where M1 = 1/(fL τs ) is the number of points in the FFT
with frequency step fL . Then we keep the data of R̃fL (ω)
where ω < 2πfL , and combine it with the original image
collection R̃(ω), ω ∈ [2πfL , 2πfH ]. Finally a transient
image is reconstructed from R̃(ω), ω ∈ [0, 2πfH ] by the
second iDFT. This time the frequency step is fs .
Fig. 7 demonstrates the effect of the above double iDFTs
algorithm on an exponential function and the time profile
of a scene response at a pixel. The reconstructed time
profiles suffer from the missing low frequency spectrum
and sink down. Our algorithm effectively boosts them close
to the ground truth. Algorithm 2 summarizes the process
of transient image reconstruction.
4.3 Computational Complexity
Benefiting from our insight into the mechanism of multifrequency ToF cameras, the whole reconstruction process
of transient images is of much lower computational complexity both in space (memory usage) and in time (running
time). The main computational intensive operation is the
iDFT in the reconstruction step. There are two ways to
implement iDFT. The first way is using FFT. In this way,
the space complexity is O(M ), and the time complexity is
O(M log M ) per pixel, where M is the number of points
in FFT. The second way is using eq. (27). In this way, the
space complexity is O(u + v), and the time complexity
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Algorithm 2: Transient image reconstruction with high
and low frequency spectra compensation
Input:
R̃1 (ω), R̃2 (ω), ...R̃m (ω) - rectified image collection,
m - highest order of harmonics (e.g. m = 5),
[fL , fH ] - working frequency range,
fs - frequency step,
τs - flying time resolution.
Output:
β(nτs ) - reconstructed transient image.
Steps:
1: Fill R̃(ω), ω ∈ [2πfL , 2πmfH ] with R̃1 (ω), R̃2 (ω),
..., R̃m (ω) and interpolate vacant frequency points.
2: Compute β fL (nτs ) from R̃(ω) by the iDFT with
frequency step fL , i.e. replacing fs with fL in eq.
(27).
3: Compute R̃fL (ω) by eq. (30) and (31), and keep
the data where ω < 2πfL .
4: Combine R̃(ω), ω ∈ [2πfL , 2πmfH ] and
R̃fL (ω), ω ∈ [0, 2πfL ) into R̃(ω), ω ∈ [0, 2πmfH ].
5: Compute β(nτs ) from R̃(ω), ω ∈ [0, 2πmfH ] by
the iDFT with frequency step fs , i.e. let K1 = 0 in
eq. (27).
TABLE 2: Computational complexity of the algorithms.

Inverse FFT
Inverse DFT by eq. (27)
Separating harmonics

in Space
(memory usage)
O(M )
O(u + v)
O(1)

in Time (per pixel)
(running time)
O(M log M ) 1
O(uv) 2
O(u) 2

1. M = f 1τ is the number of points in FFT.
s s
2. u and v are the numbers of samples in frequency and time, respectively.

is O(uv) per pixel, where u and v are the number of
samples in frequency and flying time, respectively. We can
choose the one whose cost is lower in a real case. Note that
in both cases the space complexity is one-dimensional. In
the rectification step the main operation is separating the
harmonics components by eq. (23) across all frequencies.
Its space complexity is O(1), and its time complexity is
O(u) for each pixel. Table 2 summarizes the computational
complexity of our algorithms.
Comparably, the global optimization algorithm proposed
by Heide et al. [7] searches a four-dimensional data space
(frequency, time, and 2D image), and therefore its space
complexity is at least of order puv, where p is the number
of sensor pixels (in an order of ten thousands pixels). Its
time complexity is difficult to be theoretically estimated,
so we evaluate its running time on a PC with a CPU of
Intel i7-2600 3.40G and 8G RAM. The test data sets are
downloaded from [7]. While their approach with a single
i-step takes 133.1s and with the u-step takes several hours,
our approach takes an average running time of 9.2s which
is more than 10 times faster.
Low computational complexity, especially low space
complexity, is crucial for the reconstruction of transient
images at small time step. For example, if the number
of frequency samples u is 160, the number of temporal
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samples is 3000 (temporal range 30ns divided by time
step 0.01ns), and the sensor has 20000 pixels, the total
data space will be 9.6 × 109 elements. In this case, both
the spatial and temporal cost of a global optimization is
prohibitive. In the experimental section, most experiments
on real scenes are conducted at small time steps, e.g.
10−11 s, and only our approach works on a general PC.

5 C ALIBRATION
F UNCTION

OF

THE

C ORRELATION

The goal of calibration is to obtain the correlation function
of a multi-frequency ToF camera, which exhibits the underlying hardware characteristics. The coefficients Ãn (ω)
of the correlation function is used for data rectification
(refer to eq. (22)). Although the calibration process is timeconsuming, it needs to be conducted only once for a system.
5.1 Process of Camera Calibration
The first step of calibration is acquiring data as follows:
face the tightly coupled light source and camera towards
a diffuse white board, and take images at a group of
equally spaced working frequencies and phase offsets. The
frequencies cover the entire frequency range of the camera.
In this way we obtain a two-dimensional (frequency and
phase) correlation matrix ĉ(ω, φ) for each pixel.
The next step is computing the correlation function. For
each pixel we use a parameterized model as follows to fit
the acquired correlation matrix.
c(τ0 , ω, φ) =

n0
X

An (ω) cos [nωτ0 + nφ − φn (ω)], (32)

n=1

where n0 is the highest order of the harmonic components,
τ0 is the light flying time from the light source to the diffuse
wall, An (ω) and φn (ω) are amplitudes and phase offsets of
corresponding components, respectively. The three parameters τ0 , An (ω), and φn (ω) needs to be determined, and
the latter two An (ω) and φn (ω) can be converted to Ãn (ω)
by eq. (10). Note that it is reasonable to employ a Fourier
series with a small number of components (for example
n0 = 5), since the amplitude of the fundamental component
in the Fourier series of a periodic function is usually much
greater than the other harmonic components. Moreover, the
dilated components in (14) and (15) are suppressed by 1/n,
so higher order harmonic components have less effect on
reconstructing a transient image.
The advantages of using a parameterized correlation
function over using a discrete correlation matrix are as
follows: First, measurement noise can be removed. Second,
the temporal settings (the range and the step) for a reconstruction can be specified to values different from that of the
calibration data. For example, in calibration the phases are
specified such that the corresponding flying times are from
0ns to 40ns with a step of 0.1ns, and in the reconstruction
we can set the flying times ranging from 20ns to 30ns
with a step of 0.001ns. Third, the memory budget for a
parameterized correlation function is significantly less than
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Fig. 8: Correlation matrices at a pixel. Top left: data
measured in a calibration process. Top right: fitted values
from parameterized correlation function. Bottom left: error
between measured data and fitted values. Bottom right:
comparison of measured data and fitted values.
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times instead of phases). A correlation function is fitted for
each pixel by the gradient descent method. Fig. 8 compares
the measured correlation matrix with the fitted values from
the parameterized correlation function at a pixel, which
shows that our parameterized model fit the measured data
well. The amplitudes of the fundamental component and the
harmonic components are illustrated in Fig. 9. The Amplitudes vary with the working frequency. The fundamental
component is much greater than the other components.
The 3rd-order harmonic component (green dash line) below
90 MHz has a non-trivial amplitude which contains high
frequency information up to 90 × 3 = 270MHz.

100
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9

50
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150

frequency (MHz)

Fig. 9: Amplitude of the fundamental component and
the harmonic components of a correlation function. Left:
the amplitude of the fundamental component. Right: the
relative amplitudes of the harmonic components. Even
order harmonic components (solid plots) are very small
due to symmetric light signals. Non-zero n-order harmonic
components contains n times as high frequency information
as the fundamental component.
that for a whole correlation matrix. For example, if we
sample at 160 frequencies and 200 phases, and the sensor
has 20000 pixels, a correlation matrix will has 6.4 × 108
elements, and a parameterized correlation function has only
9.6 × 106 elements (n0 = 3). To reduce requisite memory,
Heide et al. [7] assume that the correlation function of each
pixel is uniform. Consequently difference of the correlation
functions among the pixels will cause reconstruction error.
Section 6.3 will show the error introduced by using a
globally uniform correlation function.
5.2 Calibration Result
The prototype multi-frequency ToF camera we use in this
paper is the same type as Heide et al. [7]. In the process
of calibration we measure at frequencies from 5MHz to
165MHz in a step of 1MHz and 200 equally spaced phases
from 0 to 8π (Heide et al. [7] select equally spaced flying

6

E XPERIMENTAL R ESULTS

In this section we first test the algorithms in transient image
reconstruction and compare with Heide et al.’s algorithm [7]. Then we extend our technique to absolute distance
measurement and 3D reconstruction and show results with
higher precision. Finally we show that in transient image
reconstruction at a small time step, using a global uniform
correlation function causes reconstruction error, while using
a pixel-wise correlation function improves the reconstruction quality but requires much more memory (refer to
Section 5.1). Low memory budget of our technique enables
the use of a pixel-wise correlation function.
6.1 Transient Image Reconstruction
We prepare three groups of data sets for the test. The first is
synthesized data sets for quantitative evaluation; the second
is the real data sets downloaded from [7] for qualitative
comparison; the last is our data sets acquired by a prototype multi-frequency ToF camera for the reconstruction of
transient images at a small time step (0.01ns).
Synthesized Data. We synthesize two data sets from
the same ground truth transient image α(τ ) acquired by
Velten et al. [6]. The captured image collections H(ω, φ)
are generated by eq. (3) with the calibrated correlation
matrix from [7]. The frequency range of one of the image
collections is from 10MHz to 120MHz (called the 10MHz
data set), and the other from 3MHz to 120MHz (called the
3MHz data set). The time step is τs = 0.33ns, and Gaussian
noise N (0, 0.0052 ) is added to each image frame.
Fig. 10 shows several frames of the reconstructed transient images. Heide et al.’s algorithm is applied on the
10MHz data set with the u-step. Comparing our results with
Heide et al.’s, we can observe artifacts along the boundary
of the tomato in Heide et al.’s result (frame 180, 200,
220), which does not appear in our results. Moreover, the
profile of the tomato in each frame of our results matches
the ground truth better than Heide et al.’s result (frame
100, 120). Comparing our results with the ground truth,
in frame 220 our results do not exhibit the high light as
in the ground truth, i.e. our results are more blurry in
the time dimension than the ground truth. The reason is
that the working frequency does not cover sufficiently high
frequencies. Comparing our results from the 10MHz data
set and from the 10MHz data set, in frame 220 and 260
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Fig. 10: Reconstructed transient images from the synthetic data sets. Heide et al.’s result is from the 10MHz data set.
Note that our results have no artifacts (frame 180, 200, 220).
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the tomato of our 10MHz result is darker than the ground
truth, whereas that of our 3MHz result is close to the
ground truth. That is, the missing low frequency spectrum
is well compensated when the working frequencies cover
sufficiently low frequencies.
Fig. 11 and Fig. 12 compares the time profiles of some
pixels. In Fig. 11, our 10MHz result is able to match
the profile of the response and does not miss any peak
(compared with Heide et al.’s result indicated by arrows),
although it do not follow an exponential response well due
to loss of low frequency spectrum. Fig. 12 shows that our
3MHz result recovers the exponential response, that is, low
frequency spectrum is well compensated.
To evaluate the effect of high frequency spectrum compensation, we synthesize another data set from the same
ground truth transient image with the time step reducing
to τs = 0.1ns and the correlation function changing to
square waves. The frequency range is from 10MHz to
120MHz and Gaussian noise N (0, 0.0052 ) is added to
each image frame. The fundamental component and the
harmonic components of order 3 and order 5 are extracted
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Fig. 11: Time profiles of some pixels from the simulation
results in Fig. 10. Our result from the 10MHz data set
matches the shape of the response (comparing to Heide
et al.’s result indicated by arrows).

Fig. 12: Comparison of our results from the 3MHz and the
10MHz data sets. While the result from 10MHz data set
does not follow exponential responses well due to loss of
low frequency spectrum, the result from the 3MHz data set
follow exponential responses well (indicated by arrows).
That is, low frequency spectrum is well compensated.
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Fig. 13: Evaluation of high frequency compensation with
the harmonic components (time step 0.1ns). The time
profile constructed by removing the harmonic components
(green) is of low temporal resolution. The time profile
constructed using the harmonic components to compensate
the high frequencies (red) is close to the ground truth (blue).
from the synthetic measurements and then rectified. Fig. 13
compares the reconstructed transient images that using
only the fundamental component (removing the harmonic
components) and that using the harmonic components to
compensate the high frequencies. The temporal resolution
of the later is obviously improved due to the high frequency
spectrum compensated.
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Fig. 14: Reconstructed transient images by our approach using the real data from [7] (time step 0.33ns). Our results are
very close to Heide et al.’s results constructed by a single i-step, but our approach is more than 10 times faster.
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Fig. 15: Reconstructed transient image from our real data set #1 (time step 0.01ns). First the light travels cross the floor
and the wall (frame 80 to 400). Later the light through water follows up (frame 360 to 500).
Real Data from [7]. These data sets are acquired over
frequencies from 10MHz to 120MHz in 0.5MHz increment
by a prototype multi-frequency ToF camera. We reconstruct
transient images at the same time step τs = 0.33ns as
Heide et al.’s experiments [7]. Refer to the supplementary
material for our code processing these data sets and the
videos comparing our results with Heide et al.’s. Running
our code at a smaller τs (e.g. 0.1ns) yields finer results.
Fig. 14 illustrates several frames of our reconstructed
transient images from all the data sets, which visualize the
propagation of light in these scenes. Our results are close
to that by Heide et al.’s algorithm with a single i-step,
but taking much less time (9.2s v.s. 133.1s). Heide et al.’s
algorithm with the u-step generates artifacts and errors in
these results, although it is good at recovering exponential
response by modeling the scene response with a mixture of
Gaussians and exponentials.
Our Real Data. We use our prototype ToF camera to
acquire many data sets and reconstruct transients at a time
step of τs = 0.01ns which is much smaller than that of
the previous two groups of data sets (τs = 0.33ns). An

interesting scene is shown in Fig. 15. The camera is facing
a bottle full of water, and the light source illuminates from
the left side of the bottle (top left of Fig. 15). In this scene
we can observe the light pass through different media (air
and water). First the light travels cross the floor, the surface
of the bottle, and the wall (frame 80 to 400) in the air. Then
the light slowly passes through water in the bottle (frame
360 to 500). This transient image demonstrates that light
travels through water is slower than through air.
Another scene shown in Fig. 16 (a) has two mirrors
which are set up such that light goes to the subjects in the
scene along two different pathes. Although in Fig. 16(b),
we can only see the static illumination on the objects,
in Fig. 16(c), we can see that the light from the laser
first travels across the scene, and then is reflected by the
mirrors follows up. Our reconstructed transient image can
clearly separates the two light pulses. Please refer to the
supplemental material for video demos.
6.2 Absolute Distance Measurement
Our technique removes the systematic error and thus improves the precision of distance measurement. The distance

0162-8828 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more
information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TPAMI.2016.2560814, IEEE Transactions on Pattern Analysis and Machine Intelligence
SUBMIT TO IEEE TRANS. PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. XX, NO. XX, JUNE 2014

laser

mirror
camera
& laser

mirror

(a) scene setup

(b) image of the scene
camera

1830

plate

computer

measured distance of pixels (mm)

subjects

12

1825

1820

1815

1810

ground truth

1805

*

mean

1800
1805

1810

1815

1820

1825

plate location (mm)
frame #300

frame #500

frame #1100

frame #400

Fig. 17: Test on the precision of absolute distance measurement by our approach. Left: the camera and the laser
are installed closely and face an iron plate which can be
translated by a micrometer. Right: error bar of the measured
distance at each location.

frame #1160

(c) frames of the reconstructed transient image

Fig. 16: Reconstructed transient image from our real data
#2 (time step 0.01ns). The scene is illuminated first by the
laser (frame 200 to 500) and then the light is reflected by
the mirror (frame 1100 to 1160). The two light pulses can
be separated by the reconstructed transient image.
of each scene point is obtained by locating the maximal
amplitude along its time profiles, i.e.
d=

c
arg max α(τ ),
τ
2

(33)

where c is the speed of the light. High precision of distance
measurement requires transient image reconstruction at a
small time step. In this section we use a time step of
0.001ns for distance measurement, which corresponds to
the highest measurement precision of 0.15mm. Note that
there still exists random measurement noise such that the
measurement precision of a ToF camera is lower than this
theoretical upper limit. Random noise can be reduced by
taking multiple measurements.
Another advantage of our technique over traditional
ToF ranging approach is the effective distance range is
increased. Traditional technique uses a single frequency fw
which is a tradeoff between the precision and the effective
distance, and the effective distance is 12 c/fw which is
inversely proportional to the frequency [27]. Our multifrequency approach can use the highest working frequency
and the maximum effective distance of is 12 c/fs , i.e. about
150 meters for the frequency step fs = 1MHz.
To quantitatively evaluate the precision of distance measurement, we install an iron plate on a platform which
can be translated by a micrometer screw gauge (Fig. 17).
The laser is closely packed with the camera. The plate is
first placed at 1800mm from the camera and then moved
from 1805mm to 1825mm by 2mm interval, and distance
of the plate is measured at each location by our approach.
The fluctuations among different locations on the plate are
illustrated in Fig. 17. The overall standard deviation of
the measured distance of our technique is 3.24mm, which
corresponds to the time step of about 0.01ns.
Section 4.1 has mentioned that the systematic error
introduced by the dilated components is observable when

1830

average measured distance (mm)

frame #200

1825

1820

1815

ground truth
* dc removed
o without dc removal

1810

1805

1800
1805

1810

1815

1820

1825

plate location (mm)

Fig. 18: Average distances measured with and without
dilated component removal.
the time step is small. Fig. 18 quantitatively compares the
error in distances measurement with and without dilated
component removal. The average distance measured without dilated component removal deviates about +3mm from
the true value, while the average distance measured with
dilated component removal is much closer to the true value.
Finally, we compare our approach with traditional singlefrequency approach in distance measurement. The experimental setup is similar to that in Fig. 17. For our system,
traditional approach works well within 1000mm, therefore
the distance from the plate to the camera is set from
850mm to 1050mm in a step of 50mm. We average 20
measurements by traditional approach in order to obtain a
reliable distance. The overall RMSE of traditional approach
is 44.79mm, while that of our approach is 3.94mm. In sum,
our approach greatly improves the precision of distance
measurement of a ToF camera.
High precision of absolute distance measurement can be
used for single-view 3D reconstruction. Several examples
are illustrated in Fig. 19. Although the sensor resolution of
the ToF camera is only 165 × 120, details in the scenes
are well reconstructed, for instance, the paper at the bottom
left corner of ‘Desktop’ and the thin structures in ‘Branch’.
6.3 Evaluation on Correlation Functions
Section 5.1 mentions that there exists difference among
the correlation functions across the image lattice of a ToF
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Fig. 21: Comparison of distance measurement by using
a pixel-wise correlation function and a global uniform
correlation function (time step 0.001ns). The depth errors
are indicated with solid ellipses.

camera. Neglecting the difference will cause error in the
reconstruction of transient images at small time steps.
In this subsection we present two examples of the error
caused by using a global uniform instead of a pixel-wise
correlation function. Fig. 20 shows two frames of the
transient image of the bottle scene at a time step of 0.01ns
and Fig. 21 shows two depth maps at a depth resolution of
0.15mm (time step of 0.001ns). We can see clearly that using a global uniform correlation function causes both error
in transient image reconstruction and inaccuracy in depth
estimation, as indicated by the solid circles. Differently,
using a pixel-wise correlation function improves accuracy
of the reconstruction of transient images at a small time
step. Recall that adopting a pixel-wise correlation function
will increases the computational complexity of the global
optimization approach [7], but has no complexity impact
on our technique.

ing of a femtosecond laser and a streak camera only works
on desktop in a dark room. This paper presents the principle
and the algorithms of transient imaging in the frequencydomain using multi-frequency ToF cameras. Our technique
yields transient images of comparable quality to or even
better than the state-of-the-art approach [7][28] using the
same device but more than 10 times faster. Our technique
also reduces the memory usage from three-dimensional
to one-dimensional, such that extremely small time steps
are feasible. Due to the low computational cost and by
the systematic error removal, our technique achieves the
precision of about 3mm in absolute distance measurement
by the prototype ToF camera.
The Fourier analysis shows that the performance of
transient imaging with a ToF camera is mainly determined
by the modulation signal, including the waveform at each
frequency and the range of the working frequency. The nonsinusoid waveforms introduce the harmonic components
which can be extracted and exploited to compensate for
the high frequencies by our technique. The lowest working
frequency being non-zero causes the low frequency spectra
of the reconstructed transient images being truncated, which
can be well compensated by our technique. The highest
working frequency being insufficiently high causes the
reconstructed transient images being blurred in the time
dimension. If the time profile of a pixel is composed
of multiple stand-alone pulses, blurry of the time profile
causes neighboring pulses are unable to be discerned when
they are too close. To improve the ability of separating
close pulses in transient images, a ToF camera needs to
increase its highest frequency or acquire more information,
for example, acquiring images with the light source at
multiple locations.
Our work can be used to deal with the looking around
corners problem. Further discussion on this problem is
included in the supplementary material.
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